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A mathematical analysis of molecular integrals of pseudopotential interactions in molecules
is presented. The integrals are expressed over Gaussian lobe functions in the form suitable
for computer programming.

The usefulness of the pseudopotential treatment in MO LCAO SCF calculations
of molecules containing heavier atoms was discussed many-times elsewhere!. In the
present paper we derived integrals for the three-parameter atomic pseudopotential
which was proposed for the elements from lithium to krypton by Barthelat and co-
workers?. If use is made of this pseudopotential, the following integrals arise:

I, = <Zl("1) I rfc exp (—ﬂrﬁc) | ll(’1)> (1)
Iy = On(ra) | rié exp (= fric) | 2a(ra)> @)
I3 = <Xx("1) | "1_02 exXp (_Brfc) I ZJ("1)> > (3)

where in place y,(r,) we will use the normalized Gaussian lobe function
Xl("l) = Nexp (_alrfl) = N, exp {_“l(ﬁ - "1)2} > (4)

where N, = (2a,/m)3/%.
Considering the fact® that the product of two Gaussians yields again a Gaussian
centered at

P = (oyry + oyry) (e + o) (5)
we obtain

x(ry) xolry) = 7(ry) =
= NiNyexp { —aeyrpf(ar + o)} exp {—(o; + o) 735} , (6)
where rjp = r; — rp.
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Because all the integrals (/ — 3) contain the exponential part from the pseudopotential
we have

XP("x) EXP(_ﬂ"fc) = ZQ("x) = Zyc exp ("5"%0) )
and d = oy + o5 + B
Zyc = NiNyexp { —aoyriy/(er + o)} exp {— (o + o)) ﬁrﬁq/é} ®
rq = {( + ay) rp + Br}fs .

These introductory expressions have been used in the derivation of the presented
integrals.

Integral I,

According to the above introduced mathematical simplifications this integral can be
solved without any special transformation. We can write

I, = Zye jrfc exp (—0rig) dryq, 9

where ryc =1, — rc =r; — rq + (Fq = fc) = Fyq + Fcq, and now

I1=Z"CJ dleJ‘ d}’xqf dz,q .
- - -

Ax1q + %c)* + (P10 + Vo) + (210 + zco)?} exp {=8(xiq + ¥iq + 2io)}» (10)
and after simple integration
1, = Zy (11:/5)3/2 (35/2 + VZCQ). (11)

Integral I,

One can see that this integral leads to the nuclear attraction integral which can be
solved using the following integral transformation

1 [dk )
=— | —exp(ik.ryc). 12
r'ic | 1 p( ic) (12)

The final formula was published in many papers*®, and according to our notation

I = 2Zuc(nf5) Fo(6rko) 3 |
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Here the function Fo(y) is closely related to the error function
1 VY )
Fo(y) = 5 J exp (—9%) dx = 1 /(n[y) erfc (\/y) .
0

Integral I,

(14)

The formula for the last integral we derived using the following general transforma-

tion?

r~t = 11(42) J.wdoz a*?~Lexp (—ar?), (4,r>0).

0
In our case for 2 = 2 (note that (1) = 1)

00
e = j daexp (—aric),
0

after application of the integral transformation (16) integral I, becomes

I, = Z,,CJ do exp (—aréQ)Jdrl‘Q exp {—(a + &) riq — 2ureq . F1q}
o

or in the component form

Mroo 2 @ 00 o
I, = Z,,CJ do exp (—arCQ)J dx,QJ dlej dz;q .
0 —®

- — o0
cexp {—(a + 8) x,§ — 2axco¥Xsq) €xp {—(« + 8) yiq —
— 2ycoyiq} exp {—(x + 6) ziq — 22cqZ1q) -
After substitution

a, =viq + (¢ + 8) vegla, (v =x,y,2)

we find

00
I, = Zye 7™ | dofo + 8) 3 exp [ — —2— 12 )
3 uc J‘o ( ) P a/é 1 cQ

Introducing

afd +1=1|q

(15)

(19)

(17)

(18)

(19)

(20)

(21)
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we obtain

1
Iy = Zyen®?|req| exp (6r8q) 6‘”2.[ q ' exp (—dqrgo) dq , (22)
o

and finally after simple integration
Iy = Zycn?6™ Y2 exp [(6r3q) erfe \/(3rZy)] - (23)

CONCLUSIONS

The present formulae are simpler than those in ref.? and they avoid the numerical
integration. The formulae have been implanted in our LCAO MO SCF program
based on the Gaussian lobe functions, and on the obtained results will be reported
later.
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